Introduction
As has been noted earlier, the draining flow of liquid under gravity through banks of horizontal tubes occurs frequently in technological processes involving heat or mass transfer. The mode of drainage may be in the form of droplets, columns, or continuous sheets. After having examined the sheet mode of drainage, it is natural to move on to a closer inspection of the columnar mode of drainage. Again, if the film thickness is small relative to a typical tube dimension, the impact surface may be regarded as locally plane ͓1͔. Accordingly, an initial prototype model for columnar impingement is simply that of a vertical round jet striking a plane horizontal surface. The flow model is thus axisymmetric, and considerable simplification of the governing equations can be made. Some detailed understanding of the flow and heat transfer characteristics at the point of impingement may be obtained and possible methodologies identified for examining the nonaxisymmetric flow in due course.
Analytically, Watson ͓2͔ found a similarity solution of the boundary-layer equations governing such a flow and also considered by approximate methods the initial growth of the boundary layer from the stagnation point where the similarity solution does not hold. Chaudhury ͓3͔ obtained a supplementary thermal solution using an orthogonal polynomial. Some recent progress ͓1,4-9͔ has been made in investigating various problems of a liquid jet impinging on a solid surface. In this paper, the theoretical results are improved and an accurate numerical solution is obtained for the heat transfer in the flow of a cold, axisymmetric vertical liquid jet against a hot horizontal plate.
Modeling
The problem to be examined concerns film cooling, which occurs when a cold vertically draining column strikes a hot horizontal plate. Although a column of fluid draining under gravity is accelerated and thin at impact ͓10,11͔, it is reasonable to model the associated volume flow as a jet of uniform velocity U 0 and radius H 0 , as illustrated in Fig. 1͑a͒ . The notation Q = H 0 2 U 0 is introduced for the flow rate and a film Reynolds number may be defined as Re= U 0 H 0 / , where is the kinematic viscosity of the fluid. The underlying hydrodynamics of the fluid flow have been delineated by Watson ͓2͔ . Exactly the same physical assessment of the flow field applies, as was outlined in Ref. ͓4͔ . Subregions ͑i͒-͑v͒ are once again appropriate and the solution, to follow, similarly uses this understanding of the basic hydrodynamics. In practice, the flow against a plane wall is terminated by a hydraulic jump. The objective here is in due course to develop a methodology for the flow around a tube where no such phenomenon is observed. Accordingly, the associated complications of a possible hydraulic jump will not be considered.
Heat transfer estimates can be obtained under the assumptions of a constant temperature T w at the plane and zero heat flux on the free surface. When water is the coolant medium, then it has to be noted that the rates of viscous and thermal diffusion are appreciably different, and the point at which viscous effects penetrate the free surface occurs before the point at which the free surface first experiences the presence of the hot plane. To develop an approximation, the flow field is thus divided into regions, as illustrated in Fig. 1͑b͒ .
Region 1.
When an impinging circular jet strikes a plane surface, it experiences an eventually inviscid radially symmetric division and deflection through 90 deg. In the immediate vicinity of the point of impact, viscous effects begin to influence the flow field. At that point, an imbedded axisymmetric stagnation boundary layer of thickness O͑H 0 / U 0 ͒ 1/2 or O͑H 0 Re −1/2 ͒ occurs. For high flow rates Reӷ 1 and to a first approximation, the stagnation boundary-layer thickness is negligibly small. The presence of the solid boundary more significantly influences the flow within the deflected jet away from the point of impact. Here, a viscous boundary layer develops against the horizontal plate. The effects of viscosity are eventually present throughout the film and the form of a solution identifies a point of viscous penetration of the free surface, marking the end of Region 1. For Prandtl numbers greater than 1, a parallel thermal diffusion occurs, but thermal effects do not penetrate the free surface at the end of Region 1.
Governing Equations
The flow under investigation has been modeled as a steady, axisymmetric flow of incompressible fluid. In the absence of body forces and viscous dissipation, the equations expressing conservation of mass, momentum, and energy are, consequently,
where V = ͑v r , v z ͒ are velocity components associated with cylindrical coordinates ͑r , z͒ measured along the plate from the axis of deflection and normal to the plate, respectively. , , C p , and k are the density, dynamic viscosity, specific heat at constant pressure, and thermal conductivity of the cooling fluid in the jet, respectively. T and P are, respectively, the temperature and pressure within the fluid. The specific boundary conditions under which the equations are to be solved closely parallel those of Ref. ͓4͔. In particular, at the wall, the no slip condition and the constant temperature T w require
On the free surface, assuming negligible shear stress and heat flux requires
The conservation of volume constraint applies at any given r station and, hence,
Under the assumption that the film thickness remains thin relative to a characteristic horizontal dimension, a boundary-layer treatment of the equations leads to a significant simplification.
The following nondimensional variables are introduced:
͑9͒
In the limit Re→ + ϱ with x remaining O͑1͒, the following equations are obtained:
where Pr= / is the Prandtl number with as the kinematic viscosity, / , and as the thermometric conductivity, k / C p and ⌬T = T w − T 0 . In common with standard boundary-layer theory, Eq. ͑12͒ implies that the pressure across the film remains constant. In the absence of external pressure gradients and with zero shear assumed on the free surface, the pressure term in Eq. ͑11͒ is identically zero. In nondimensional variables, the boundary conditions now read
These have been quoted in the context of the fully developed film flow field, which is approached in Region 3. The hydrodynamic equations of this system have been shown by Watson ͓2͔ to possess similarity solutions. A simple supplementary thermal solution of uniform temperature is also present. These solutions provide the basis for developing comprehensive approximations for the complete flow field downstream of the radial symmetry point of impingement incorporating Regions 1-3.
Downstream Similarity Solutions
The equations to be solved are
subject to boundary conditions ͑14͒-͑16͒.
Note that the equations governing the hydrodynamics ͑Eqs. ͑17͒ and ͑18͒͒ are independent of the energy equation ͑Eq. ͑19͒͒. These are examined as follows. It is well known that, using Mangler's transformations ͓12͔, the calculation of axially symmetrical boundary layers on bodies of revolution, in an unlimited expanse of fluid, can be reduced to the calculation of complementary twodimensional flows. The flow currently under consideration represents the axially symmetric equivalent of the two-dimensional flow examined in Ref. ͓4͔ . Here, we examine the possibility that the Mangler's transformations applied to the set of Eqs. ͑17͒ and ͑18͒ under the specified hydrodynamic boundary conditions have a two-dimensional equivalent differential system. Let
With these new' variables, Eqs. ͑17͒ and ͑18͒ become
The boundary conditions are
With the minor modification of the conservation of volume flow constraint, the differential system formally reproduces the hydrodynamic system examined in Ref. Here, Ū s ͑x͒ represents the nondimensional unknown velocity at the free surface and c can be obtained analytically as
As a result, the axisymmetric solution can be directly inferred from the solution of Ref. ͓4͔ as
Here, l is a nondimensional leading edge shift constant. The solutions hold at large distances from the jet incidence and l may be associated with an indeterminate origin of such a flow solution. An estimate of l may be obtained by further consideration of the growth of the boundary layer from the point of impact of the jet. The effects of viscous retardation are seen to result in a simultaneous thickening of the film and a reduction in the free surface velocity.
In the original dimensional variables,
The velocity distribution within the film is given by
where f͑͒ is the Watson similarity solution whose properties have been presented in Ref.
͓4͔.
The associated asymptotic downstream similarity solution for the temperature distribution is obtained by examining Eq. ͑19͒ with ͑x , Ȳ ͒ = ͑͒, together with the associated similarity transformations. The resultant equation is
The solution must therefore be ϵ 0, confirming a uniform temperature distribution in the film equal to the temperature of the plate, T w .
Approximate Solutions
The solutions obtained in the previous section are asymptotic solutions, which are valid well downstream of the location of jet impingement and deflection along the plane. An approximation scheme is now presented, which looks more closely at the flow at impingement. The solution is built up from this vicinity, stage by stage, to provide comprehensive details of the velocity and temperature distribution at radial stations away from the origin.
Region 1.
The discussion of Region 1 follows closely that of the sheet drainage flow of Ref. ͓4͔. At impact, an inviscid deflection of the draining sheet occurs over a negligibly small length scale. Only after deflection is the flow aware of the presence of the solid boundary, and only then do viscous effects begin to influence the flow field. The development of a viscous boundary layer within a uniform velocity film accounts for the close parallel in this region with Blasius boundary-layer flow. Similarly, the temperature differential between the plane and the fluid only begins to influence the temperature distribution after deflection. Thus, a developing thermal boundary layer may also be anticipated from r =0.
The equations governing the viscous and thermal boundary layers are exactly the same as Eqs. ͑17͒-͑19͒, but the boundary conditions, as in Ref. ͓4͔, now read
͑Ū → 1, → 1 as Ȳ approaches the outer limits of the viscous and thermal boundary layers, respectively͒
lead once again to
subject to boundary conditions
Full details of these solutions may be referred to in Ref. 
using the conservation of flow constraint, can be matched directly onto the asymptotic similarity solutions. The use of fЈ͑͒ is feasible only because its integral properties are readily available for use in the momentum integral equation, which reads The result is an estimate of the boundary-layer thickness given by 
͑54͒
where ␦ T ͑x͒ denotes the outer limits of the region of thermal diffusion. When PrϾ 1, it may be anticipated that ␦ T ͑x͒ Ͻ ␦͑x͒ over 0 Ͻ x Ͻ x 0 . With T = Ȳ / ␦ T ͑x͒ and the ratio ␦ T / ␦ denoted by ⌬ so that = ⌬ T , the solution for ␦ T ͑x͒ may be developed by assuming profiles for Ū and . The two profile pairs of Ref. ͓4͔ have been used
as each pairing ensures identical velocity and temperature distributions for Pr= 1 when also ⌬ = 1. It is expected that the second pairing has advantages in effecting the transition at the end of Region 1. The resultant equations for ⌬ are
where D͑⌬͒ = 168c͑3−c͒⌬ +27͑4−3c͒͑5−2c͒⌬ 3 −7͑3−2c͒͑12 −5c͒⌬ 4 , as obtained previously.
Region 2.
The continuing diffusion of hot wall effects within a hydrodynamic setting prescribed by the Watson similarity solution is monitored in Region 2. The velocity on the free surface is no longer uniform but is prescribed in nondimensional terms by Eq. ͑29͒. The viscous boundary-layer thickness ␦͑x͒ is now one and the same as h͑x͒, namely,
The energy integral equation ͑Eq. ͑54͒͒ remains appropriate, and the progressive thermal diffusion implies that ␦ T ͑x͒ → ␦͑x͒ = h͑x͒. In prescribing profiles, T = Ȳ / ␦ T ͑x͒ may again be utilized, but now ⌬͑x͒ = ␦ T ͑x͒ / ␦͑x͒ is no longer constant and tends to 1 at the end of Region 2.
An equation for ␦ T ͑x͒ may be obtained by introducing the following profiles into the energy equation
which in turn leads to
This first order equation may now be integrated with initial data ⌬͑x 0w ;Pr͒ as far as ⌬͑x 1w ͑Pr͒ ;Pr͒ =1. Table 1 . The numerical details for various Pr are presented in Table 2 .
Region 3.
In both Regions 1 and 2, it has been assumed that at the edge of the developing thermal boundary layer the temperature smoothly assimilates into that of the impinging jet. As a consequence, zero heat flux has been invoked. In Region 3, the same boundary condition, in fact, remains valid. Here, however, it is justified by the assumption of negligible heat transfer between the liquid free surface and the surrounding air. Consequently, the temperature of the film rises as a result of continuing heat input at the plate. The temperature is thus asymptotic to T w .
Using the following profiles:
where now = Ȳ / h͑x͒, the energy integral equation now reads
͑63͒
Here, ␤͑x͒ monitors the adjustment of the film temperature to T w . The result is an equation for ␤͑x͒ within the framework of the prescribed film thickness, namely, 
͑66͒
which satisfies the requirements ␤͓x 1w ͑Pr͔͒ = 1 and has ␤ → 0 at rates dependent on Pr.
Approximation Results
The approximation scheme outlined provides comprehensive details of the flow and heat transfer characteristics for the model flow. Estimates of film thickness, velocity and temperature distributions, skin friction, and heat transfer coefficients over the entire region downstream of the point of impingement can be obtained.
Film Thickness and Velocity and Temperature
Distributions. To indicate the underlying implications of the hydrodynamic modeling, the free surface velocity has been illustrated for the respective profiles in Fig. 2͑a͒ . The associated velocity profile development within the deflected film is illustrated schematically in Fig. 3 . Overall predictions of film thicknesses appear in Fig. 4͑a͒ . A more detailed indication of the region by region form of solution appears in Fig. 5 . For the range of Prandtl numbers Pr= 2, 5, and 10, film thickness profiles incorporating the viscous and thermal diffusion processes to penetration are presented. A typical set of temperature distributions within the film covering the evolution between initial thermal diffusion and the asymptotic linear profile is illustrated in Fig. 6. 
Skin Friction and Heat Transfer Coefficients.
The elements of interest in engineering practice are the shear stress at the solid boundary, i.e., the skin friction and the rate of heat transfer at the boundary. The skin friction is defined as
leading to the nondimensional skin friction coefficient
͑68͒
From the approximations, it gives Graphs of ͑x͒ are plotted in Fig. 7͑a͒ . The integrable square root singularity is consistent with the Blasius boundary-layer equivalent.
The most significant film cooling design factor is the heat transfer across the film. The heat transfer at the solid boundary is given by
͑71͒
where ⌬T = T w − T 0 . The nondimensional version of this is known as the Nusselt number defined as
͑72͒
The results are ͑in Region 3͒
͑74͒
The predictions of Nu w for a range of Prandtl numbers are presented in Fig. 8͑a͒ . The values of ⌬ p ͑Pr͒ and ⌬ w ͑Pr͒ have been obtained from Eqs. ͑56͒ and ͑57͒, respectively. ⌬ w ͑x ;Pr͒ satisfies Eq. ͑61͒. Accordingly, ⌬ p ͑x ;Pr͒ satisfies the following equation: 
Numerical Solutions
The continuity ͑Eq. ͑10͒͒ is eliminated by introducing a stream function defined by
Owing to the geometry, H ͑x͒ is singular at x = 0. 
where the initial condition ͑Eq. ͑82͒͒ appears due to the original initial condition
In anticipation of the use of a Keller box method and its attractive extrapolation features, the differential system ͑Eqs. ͑78͒-͑82͒͒ is recast as the following first order system:
whose boundary conditions are
The following coordinate transformation, what simultaneously maps the film thickness onto the unit interval and removes the Blasius singularity at the origin, is introduced
The dependent variables are transformed as Transactions of the ASME
The equations to be solved now read 
where the initial profiles f 0 ͑͒ and 0 ͑͒ are found by putting = 0 and h =1/ 2 into Eq. ͑86͒ and solving, subject to conditions f = u = =0 at = 0 and u =1, =1 at =1.
The parabolic system of equations and boundary conditions ͑Eqs. ͑86͒ and ͑87͒͒ has been solved by marching in the direction using a modification of the Keller box method. A nonuniform grid is placed on the domain ജ 0, 0 ഛ ഛ 1, and the resulting difference equations are solved by Newton iteration. Solutions are obtained on different sized grids and Richardson's extrapolation used to produce results of high accuracy. A full account of the numerical method and the details of implementation are beyond the scope of this paper and will be reported separately ͓13͔. The detailed numerical method procedure for this case is fully discussed in Ref. ͓1͔. For the axisymmetric flat plate in this paper, the relevant physical parameters should be chosen as
The solution scheme was successfully tested against previously reported results ͓14-19͔.
Results
A typical run has a coarse grid of dimension 60ϫ 48 in the ͑ , ͒ domain with each cell being divided into one to four subcells. Because of the coordinate singularity at =0, = 1, a nonuniform grid is employed and given by = ͑1 / 3͒sinh͓ , where and are uniform. When ⌬ ϵ 0.044618955 and ⌬ ϵ 1 / 47, this gives ⌬ ϳ 0.004 and ⌬ ϳ 0.003 near the singularity, which is sufficiently small to give good accuracy, and this enabled us to integrate as far as ϳ 10 9 , which is necessary for the profile at infinity to be determined with sufficient accuracy. From the convergence of the extrapolation process, the absolute error is 9 ϫ 10 −7 . A typical set of numerical data is presented in Table 3 .
Figures 2͑b͒, 4͑b͒, 7͑b͒, 8͑b͒, and 9͑a͒ show excellent agreement between the full numerical solutions and the theoretical results obtained using an assumed present quartic velocity profile ͑Eq. ͑50͒͒. Figure 9͑b͒ shows free surface temperature for various Prandtl numbers. As Pr increases, the temperature decrease becomes more gradual.
Concluding Remarks
Both numerical and approximate solutions for the flow of a cold axisymmetric vertical jet against a horizontal flat plate have been obtained. The level of agreement in estimating film thickness and velocity and temperature distributions is remarkably good insofar 
